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We study S = 1 spin liquid states on the kagome lattice constructed by Gutzwiller-projected
px+ ipy superconductors. We show that the obtained spin liquids are either non-Abelian or Abelian
topological phases, depending on the topology of the fermionic mean-field state. By calculating the
modular matrices S and T , we confirm that projected topological superconductors are non-Abelian
chiral spin liquid (NACSL). The chiral central charge and the spin Hall conductance we obtained
agree very well with the SO(3)1 (or, equivalently, SU(2)2) field theory predictions. We propose a
local Hamiltonian which may stabilize the NACSL. From a variational study we observe a topological
phase transition from the NACSL to the Z2 Abelian spin liquid.
PACS numbers: 75.10.Kt, 05.30.Pr, 75.40.Mg
I. INTRODUCTION
Topological order was used to describe and distinguish
fractional quantum Hall (FQH) states1–5, and there-
after became a fundamental concept in condensed mat-
ter. In contrast to conventional long-range orders accom-
panied by spontaneous symmetry breaking in the Lan-
dau paradigm, topological orders are characterized by
the topological degeneracy of ground states on a mani-
fold with nonzero genus and fractionalized bulk excita-
tions separated from the ground states by a gap. For
instance, the FQH liquid at 13 filling has three degen-
erate ground states on a torus and its elementary ex-
citations are particle-like ‘fractionalized’ objects, such
as the charge- e3 quasi-holes. The charge-
e
3 quasi-holes
obey fractional statistics and are thus called anyons, i.e.,
the many-body wave function acquires a Berry phase
eipi/3 if one quasi-hole adiabatically exchanges its posi-
tion with another one (this process is called braiding).
More interestingly, the Pfaffian state proposed by Moore
and Read6 for the ν = 52 FQH liquid
7,8 supports non-
Abelian anyons. After one braiding of two non-Abelian
anyons, the degenerate many-body wave function under-
goes a matrix ‘rotation’ instead of a U(1) phase-gate
operation9,10. Non-Abelian topological orders have po-
tential applications in quantum information and quan-
tum computation10,11.
Besides FQH systems, gapped spin liquids, such as
resonating valence bond (RVB) states12, may also ex-
hibit nontrivial topological orders. For example, the
Kalmeyer-Laughlin chiral spin liquid13 supports semionic
anyons, and the short-range RVB state on a two-
dimensional (2D) non-bipartite lattice carries Z2 topo-
logical order14. In seeking of spin liquids in realistic mi-
croscopic models, antiferromagnets on the kagome lattice
have been widely studied15–20 due to its strong geomet-
ric frustrations, which is important for suppressing Ne´el
order and favoring disordered ground states. On the ex-
perimental side, promising candidates of spin liquids have
been synthesized, such as the Herbertsmithite realizing
an S = 1/2 kagome antiferromagnet21. Recently, S = 1
antiferromagnets have also attracted tremendous inter-
est from experimental, theoretical and numerical sides.
Several exotic S = 1 spin liquid states, such as U(1),
Z2, and (non-Abelian) chiral spin liquids, have been
proposed22–30.
In this paper, we construct both Abelian and non-
Abelian S = 1 spin liquid states on the kagome lattice.
These wave functions are constructed by a Gutzwiller
projection of px+ipy-superconducting mean-field ground
states within a fermionic slave particle representation of
S = 1 spins. It is shown that the topology of the mean-
field states of the fermions determines the physical prop-
erties of the Gutzwiller-projected states. The projected
topological, namely, weak-pairing, superconductors are
SO(3)1 [which is equivalent to SU(2)2] non-Abelian chi-
ral spin liquids (NACSL)22. This is verified by compar-
ing their modular matrices T and S with analytic re-
sults. We show that the NACSL exhibits a quantum
spin Hall effect, where the spin Hall conductance is quan-
tized to 12pi . On the other hand, the projected trivial,
namely, strong pairing, superconductors are Abelian Z2
spin liquids without spin Hall effect. We propose a lo-
cal Hamiltonian which may stabilize the NACSL as its
ground state. By tuning the interaction parameters, we
expect that there might be a topological quantum phase
transition from the NACSL phase to the Z2 Abelian spin
liquid phase.
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2The rest of the paper is organized as follows. In Sec. II,
we review the fermionic spinon representation of S = 1
spins and describe the wave functions constructed from
Gutzwiller projection of px + ipy-superconductors. In
Sec. III, we characterize the SO(3)1 chiral topological
order of the Gutzwiller-projected topological supercon-
ductor. In Sec. IV, we propose a local Hamiltonian which
may stabilize the NACSL. Based on a variational study,
we suggest a possible topological quantum phase transi-
tion from the NACSL to a Z2 Abelian spin liquid. Fi-
nally, Sec. V is devoted to a summary of our results.
II. CONSTRUCTION OF
GUTZWILLER-PROJECTED WAVE FUNCTIONS
Let us start by introducing three species of
fermionic slave particles (also called spinons)31,32 Cj =
(c1j , c0j , c−1j)T to represent the S = 1 operators as
S+j = S
x
j + iS
y
j =
√
2(c†1jc0j + c
†
0jc−1j),
Szj = c
†
1jc1j − c†−1jc−1j ,
under the local particle number constraint
c†1jc1j + c
†
0jc0j + c
†
−1jc−1j = 1. (1)
In this way, the spin-spin interactions can be replaced by
interactions between the fermions. The spin operators
and the particle number constraint are invariant under
the local U(1) transformation Cj → Cjeiϕj , indicating a
U(1) gauge structure of this fermionic representation.
We will focus on kagome lattice model with SO(3) spin
rotation symmetry [see Fig. 1(a)] that may harbor S = 1
spin liquid phases. At the mean-field level, we consider
the following quadratic Hamiltonian of fermions:
Hmf =
∑
〈ij〉
[χijC
†
iCj + ∆ijC
†
i C¯j + h.c.] +
∑
i
λiC
†
iCi,
(2)
where C¯j = (c
†
−1j ,−c†0j , c†1j)T which behaves in the same
way as Ci does under SO(3) rotation since C
†
i C¯j |vac〉 is
a spin singlet (|vac〉 is the vacuum state). The χij term
stands for spinon hopping and ∆ij term represents the
spinon pairing, λi is the Lagrangian multiplier for the
particle number constraint. For simplicity, we assume
that the mean-field parameters are site-independent,
namely, χij = χ
∗
ji = χ, ∆ij = −∆ji = ∆eiθij (where
the phase of the pairing eiθij is bond-dependent and also
depends on the pairing symmetry), and λi = λ which
plays the role of ‘chemical potential’. The three inde-
pendent parameters χ,∆, λ are treated as variational pa-
rameters in our later discussion. The Hamiltonian (2) is
generated from SO(3) symmetric interactions, e.g., an-
tiferromagnetic Heisenberg interactions, through mean-
field approximations and it respects the full spin-rotation
symmetry23,31,33,34 (see Sec. IV and Appendix A).
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FIG. 1. Laughlin’s gauge invariant argument of quantum spin
Hall effect. The calculation is performed on a cylinder with
10 × 10 unit cells (300 sites). (a) the structure of kagome
lattice; (b) the pumping process; (c) projected topological su-
perconductor (with χ = −1,∆ = 1, λ = 1) has quantized
spin Hall conductance 1
2pi
; (d) projected trivial superconduc-
tor (with χ = −1,∆ = 1, λ = 10) has no spin Hall effect.
We can linearly combine the spinon creation operators
c†1, c
†
0, c
†
−1 into the Cartesian bases,
c†x =
1√
2
(c†−1 − c†1), c†y =
i√
2
(c†−1 + c
†
1), c
†
z = c
†
0, (3)
then the mean-field Hamiltonian (2) is decoupled into
three identical superconducting Hamiltonians for each
species, cx, cy, cz, namely, Hmf = H
x
mf + H
y
mf + H
z
mf ,
where
Hxmf =
∑
〈ij〉
[χc†x,icx,j −∆eiθijc†x,ic†x,j + h.c.] +
∑
i
λc†x,icx,i,
and similarly for Hymf and H
z
mf . The SO(3) symmetry
thus manifests itself. The ground state of above mean-
field Hamiltonian is a superconductor — the familiar
Bardeen-Schrieffer-Cooper wave function |BCS〉 (see Ap-
pendix B).
Since the pairing term in (2) has odd parity C†i C¯j =
−C†j C¯i, the pairing symmetry on the kagome lattice can
be either p-wave or f -wave. Here we will restrict our-
selves to the px + ipy-pairing states where ∆ij = ∆e
iθij ,
θij is the angle between x-axis and the bond (ij). It
is known that the px + ipy-superconductors contain two
phase, the weak pairing phase and strong pairing phase,
depending on the topology of its ground state35. In the
weak pairing region −2|χ| < λ < 4|χ|, the mean-field
state is a topological superconductor, where each species
of the spions cx, cy, cz carries Chern number 1. On the
3other hand, in the strong pairing region λ < −2|χ| or
λ > 4|χ|, the Chern number vanishes and the mean-field
state is a trivial superconductor.
The mean-field theory indicated that there exist two
topologically distinct S = 1 spin liquid phases. In path
integral language, the mean-field state corresponds to a
saddle point and to obtain a more accurate description
of the spin system we need to consider the fluctuations
of the mean-field parameters around their saddle point
values. Since the amplitude fluctuations have a gap, the
low-energy physics are captured by the local phase fluc-
tuations which behaves as a Z2 gauge field coupling to
the spinons (since the spinons are superconducting, the
phase fluctuations of χij and ∆ij are Higgsed into Z2).
After integrating out the spinon fields, the low-energy
effective field theory of the spin system depends on the
topology of the mean-field state, if the spinons are in the
strong pairing state the result is a Z2 gauge field theory,
while if the spions are in the weak pairing state the result
is an SO(3)1 Chern-Simons gauge theory (for details see
Appendix C).
Alternatively, a practical way of obtaining essential in-
formation of the spin liquids is manually enforcing the
mean-field ground state to satisfy the particle number
constraint (1). By performing Gutzwiller projection to
the ground state |BCS〉 of the mean-field Hamiltonian
(2)33,36
|RVB〉 = PG|BCS〉, (4)
an S = 1 RVB wave function is obtained (see Appendix
B for details of the projected state) according to Ander-
son’s seminal result12. Here PG is the Gutzwiller projec-
tion operator ensuring that each site is singly-occupied
by the fermions. We emphasize that, although before
projection the spinon mean-field state may be a topo-
logical superconductor, it does not carry any intrinsic
topological order, i.e., there is no topological degener-
acy of ground states and no fractional bulk excitations.
However, after Gutzwiller projection conditions are dras-
tically changed. The resulting RVB wave function may
carry Abelian or non-Abelian topological orders, depend-
ing on the strong pairing or weak pairing nature of the
spinon mean-field states, as we will illustrate in the re-
maining part of this work.
In the strong pairing case, the Gutzwiller-projected
trivial superconductor can be adiabatically connected to
a nearest-neighbor RVB state, since the pairing ampli-
tude of two S = 1 objects in a “Cooper pair” decays
exponentially with their relative distance. This “short-
range” RVB phase has four-fold degenerate ground states
on a torus and carries Z2 Abelian topological order, sim-
ilar to the Z2 spin liquid phase for spin-1/2 systems. In
the remaining part of this work, we will focus on the
weak pairing case, the Gutzwiller-projected topological
superconductor, which is more interesting.
III. IDENTIFYING AND CHARACTERIZING
THE NON-ABELIAN CHIRAL SPIN LIQUID
In this section, we focus on the spin liquid phase cor-
responding to the topological superconductors. We first
give a low-energy effective field theory of this spin liquid
phase, and then numerically verify that various physical
properties of the Gutzwiller-projected wave function are
in well agreement with the field theory predictions.
In the topological superconductor, each flavor of
fermions carries a nontrivial Chern number, so we ex-
pect that the system has a nontrivial response when it
is probed by SO(3) symmetry twisting fields Aij , where
Aij = A
x
ijS
x+AyijS
y +AzijS
z behave like external SO(3)
gauge fields coupling to the spins. Because of the SO(3)
gauge invariance, we expect that, after integrating out
the fermions and the Z2 gauge fluctuations, the low-
energy physics in the hydrodynamic limit is described
by the following SO(3)1 Chern-Simons theory
Lres = i k
4pi
1
2
Tr[εµνλ(Aµ∂νAλ)− 1
3
A3] + LMaxwell + ...
where repeated indices are summed over and k = 1 since
the Chern numbers of cx, cy, cz spinons are all equal to
1. As discussed in Appendix C, the intrinsic field theory
description of the system in the weak pairing case is still
an SO(3)1 gauge theory [see eq. (C4)], which predicts
that the system falls in a NACSL phase.
In the following, we provide evidence to illustrate that
a Gutzwiller-projected topological superconductor is in-
deed a NACSL that is described by the SO(3)1 Chern-
Simons theory.
A. Quantum spin Hall effect
From the response field theory, if the probing field only
contains a z-component, i.e. Aµ = A
z
µS
z, as a response
we obtain the spin Hall current
Jzµ =
δLres
δAzµ
=
1
2pi
F zµ ,
where F zµ =
∑
ν,λ iε
µνλ(∂νA
z
λ) is the strength of the
probing field and the spin Hall conductance is quantized
to 1 in unit of 12pi .
To verify above result, we study the response of the
spin system using the Gutzwiller-projected wave func-
tions. Based on Laughlin’s gauge argument37, the spin
Hall conductance can be obtained by measuring the spin
pump of the Gutzwiller-projected state on a cylinder
when a symmetry flux Φz =
∮
Az · dx (see Fig. 1(b))
is adiabatically inserted in the mean-field Hamiltonian
Hmf(Φz) =
∑
〈ij〉
[χijC
†
i e
iAzijS
z
Cj + ∆ijC
†
i e
iAzijS
z
C¯j + h.c.]
+λ
∑
i
C†iCi.
4Accordingly, the Gutzwiller-projected ground state of
above Hamiltonian is now a one-parameter family
|RVB(Φz)〉 depending on the flux Φz.
We compute numerically the total spin polarization
Mz (as a function of Φz) accumulated in the vicinity
of the upper boundary of the cylinder [the red circle in
Fig. 1(b)], which extends over several lattice sites depend-
ing on the width of the edge state. The spin polarization
defined as
Mz(Φz) = 〈RVB(Φz)|Sz|RVB(Φz)〉
is a function of the flux Φz, where Sz =
∑
j S
z
j with
j running over the lattice sites covered by the gapless
edge states. The numerical results for a weak pairing
state (with χ = −1, ∆ = 1, λ = 1) and a strong pair-
ing state (with χ = −1, ∆ = 1, λ = 10) are shown in
Figs. 1(c) and 1(d), respectively. It can be seen clearly
that the projected topological superconductor has a spin
Hall conductance 12pi , which agrees with the prediction
of the SO(3)1 Chern-Simons theory, while the projected
trivial superconductor has no spin Hall conductance.
B. Spin-spin correlation functions
Similar to electronic quantum Hall states, the bulk of
an SO(3)1 NACSL should be gapped and the boundary
is gapless.
To verify this expectation, we compute numerically
the spin-spin correlation functions of the Gutzwiller-
projected wave functions on a cylinder with Lx × Ly =
20 × 10 = 200 unit cells and periodic (open) boundary
condition along the x (y) direction. The variational pa-
rameters χ = −1, ∆ = 1, λ = 1 fall in the weak pairing
region.
The results in Fig. 2 demonstrate that the spin-spin
correlation exhibits an exponential decay with distance
in the bulk and a power-law decay with distance at the
boundary, which implies that the bulk is gapped yet the
boundary is gapless.
C. Ground-state degeneracy
The SO(3)1 topological order (termed as 3
B
3/2 in
Ref. 38) has three types of anyons I, σ, ψ. Here I
is a trivial anyon for the vacuum, ψ is a fermion, σ
is the Ising-like anyon and they obey the fusion rules
σ × σ = I + ψ, ψ × ψ = I, σ × ψ = σ. When the system
is defined on a torus, there should be three degenerate
ground states.
We now show that the three-fold degeneracy can in-
deed be reproduced by the Gutzwiller-projected wave
functions. To this end, we note that inserting Z2 gauge
fluxes through the two non-contractible loops of the
torus (equivalent to changing the boundary conditions for
fermions from periodic to anti-periodic) does not change
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FIG. 2. The spin-spin correlations of the projected weak pair-
ing state with parameters χ = −1,∆ = 1, λ = 1 are calculated
on a cylinder with 20×10 unit cells. The x-direction has peri-
odic boundary condition and the y-direction is open. (a) The
spin-spin correlation function on the upper boundary has a
power-law decaying behavior; (b) The spin-spin correlation
function in the bulk (at the center of the cylinder) decays
exponentially.
any local physical properties of the spin system, so there
are four different mean-field states labeled by their Z2
fluxes: (0, 0), (0, pi), (pi, 0), (pi, pi).
However, in the weak pairing phase, not all of the four
states survive after the Gutzwiller projection. Without
loss of generality, we assume both Lx and Ly to be even.
The mean-field state (0, 0) (with periodic boundary con-
dition in both the x- and y- directions) vanishes after
Gutzwiller projection because it has odd fermion parity.
To see this, note that the pairing term is proportional to
kx + iky at small momenta. For the Γ point k = 0 in
the weak pairing region −2|χ| < λ < 4|χ|, fermions of all
three species have vanishing pairing energy and negative
kinetic energy, so the three modes cx,k=0, cy,k=0, cz,k=0
are occupied in the ground state. Away from the Γ point,
the modes cα,k and cα,−k form a Cooper pair so they
are both occupied or unoccupied. Therefore, the fermion
5parity of the (0, 0) state is odd. In contrast, fermions can-
not occupy the momentum k = 0 when the inserted fluxes
are (0, pi), (pi, 0) or (pi, pi) because changing the boundary
condition shifts the available momenta of fermions. All
the fermions form Cooper pairs in the (0, pi), (pi, 0), (pi, pi)
states so their fermion parities are even and they survive
after Gutzwiller projection.
It should be further verified that the three states
are orthogonal to each other and they form the three-
dimensional ground-state subspace. To verify this, we
consider a torus with 10×10 unit cells and the projected
states for χ = −1, ∆ = 1, λ = 1.5 are constructed. From
Monte Carlo simulation with 3×108 steps, we find that
|〈PG(0, pi)|PG(pi, pi)〉| = 0.0012, |〈PG(pi, 0)|PG(pi, pi)〉| =
0.001, |〈PG(pi, 0)|PG(0, pi)〉| = 0.0002. This indicates that
the three states are orthogonal to each other (up to er-
rors of order 10−3) and we conclude that the degeneracy
of the Gutzwiller-projected wave functions on the torus
is indeed three.
D. Modular S and T matrices
The modular matrices S and T 39,40, as projective rep-
resentation of the two modular transformations Sˆ =(
0 −1
1 0
)
(a 90◦ rotation) and Tˆ =
(
1 0
1 1
)
(a Dehn twist)
on a torus (which generate a modular group), provide
more information characterizing topological orders. The
SO(3)1 conformal field theory predicts that
T = e−i
pi
8
1 0 00 ei 3pi8 0
0 0 −1
 , S = 1
2
 1 √2 1√2 0 −√2
1 −√2 1
 ,(5)
satisfying relations S2 = (ST )3 = 1. The T matrix is di-
agonal T = e−
2pii
24 c−diag(θ1, θσ, θψ), where θi is the self-
statistics of the ith anyon and is also called the topolog-
ical spin. The S matrix tells us the quantum dimensions
of the anyons and their mutual statistics. For the SO(3)1
theory, the quantum dimensions of the anyons I, σ, ψ are
1,
√
2, 1, respectively. The chiral central charge
c− =
3
2
(6)
can be obtained either from the diagonal T matrix, or
from the relation 1D
∑
i d
2
i θi = e
2pii
8 c−41, where D =√∑
i d
2
i = 2 is the total quantum dimension.
The modular matrices can be calculated from the pro-
jected states numerically, for instance, the T matrix can
be obtained from the universal wave function overlap
〈ψm|Tˆ |ψn〉 = eiϕm,n , (7)
where Tˆ is a Dehn twist of the torus, |ψn〉 are the degener-
ate ground states, and ϕm,n are complex numbers in gen-
eral (as illustrated below, we interpret Tˆ as an adiabatic
process and eiϕm,n as the Berry phases, in which case
ϕm,n are real numbers). In our calculation, we choose
x
y
1
1
Ly
1
Lx
FIG. 3. (Color online) One step of the Dehn twist Tˆy. The
kagome lattice with Lx = Ly is deformed to a square. The
blue dashed lines represent the x-boundary couplings before
the twist and the red solid lines represent the x-boundary
couplings after one step of the Dehn twist. Some of the red
lines across the y-boundary and the signs of the associated
couplings are affected by the y-boundary condition. After a
full Dehn twist, the x-boundary condition will be changed by
the y-boundary condition.
the number of unit cells along the x- and y-directions
as Lx = Ly = L. The quantity ϕm,n has the scaling
relation40,42–44
ϕm,n(L
2) = αm,n + βm,nL
2 + o(L2) (8)
with the system size, where αm,n is a universal signature
of the topological order and eiαm,n is the (m,n) entry of
the modular T matrix. It is numerically challenging to
extract αm,n because the wave function overlaps decrease
exponentially as the lattice size increases. To overcome
this difficulty, we apply the trick introduced in Ref. 45
to divide the Dehn twist into many substeps such that
in each substep the wave function changes adiabatically
and the Berry phase can be obtained with a relatively
high accuracy.
The Dehn twist can be performed either along y-
direction with the operator Tˆy = Tˆ , or along x-direction
with the operator Tˆx =
(
1 1
0 1
)
. The two Dehn twists are
not independent since Tˆx can be transformed into Tˆ−y
(the inverse of Tˆy) by a global 90
◦ rotation. Therefore,
we can only focus on the Dehn twist Tˆ = Tˆy. In calculat-
ing the modular matrix T , we first separate Tˆy into Ly
steps. In each step, the couplings across the x-boundary
are shifted along y-direction by one lattice site (see Fig. 3)
such that the Hamiltonian H[(Lx, i), (1, i + t)] is trans-
formed into the Hamiltonian H[(Lx, i), (1, i + t + 1)],
where H[(Lx, a), (1, b)] means that the unit cell (Lx, a)
at the x-boundary is ‘linked’ with the unit cell (1, b).
6In this process, some ‘links’ cross the y-boundary and
the signs of these ‘links’ are affected by the y-boundary
condition. After a full Dehn twist Ty, the boundary con-
ditions (0, pi) and (pi, pi) are shifted to (pi, pi) and (0, pi),
respectively, and the boundary condition (pi, 0) remains
unchanged. To make the twist more smooth, each step
is further divided into several sub-steps by a parameter
η ∈ [0, 1]:
H(t, η) = (1− η)H[(Lx, i), (1, i+ t)]
+ηH[(Lx, i), (1, i+ t+ 1)], (9)
which assumes the discrete values η = 0, 0.25, 0.5, 0.75, 1
in our calculations.
The Berry phase is extracted from the overlap of the
projected ground states of above Hamiltonians
φ(t, η) = Im
[
ln
(
〈t, η|P †GPG|t, η + δη〉
)]
,
where |t, η〉 is the ground state of the mean-field Hamil-
tonian H(t, η) and the total Berry phase is
ϕ(L2) =
∑
t,η
φ(t, η).
For the sector (pi, 0), the Hamiltonian goes back to itself
after a full Dehn twist Tˆy, so the evolution path is closed
and the Berry phase is well defined. However, a full Dehn
twist exchanges the two sectors (pi, pi) and (0, pi) and the
path is not closed, but we can perform the full Dehn twist
twice to close the path and fix the Berry phase. The
Berry phase for half of the loop (one full Dehn twist) is
defined as half of that of a double twist.
To simplify notations, we denote the three ground
states |PG(pi, 0)〉, |PG(0, pi)〉 and |PG(pi, pi)〉 as |x〉, |y〉
and |xy〉, respectively. Then the two independent Berry
phases in the Dehn twist Tˆy can be noted as ϕx,x and
ϕy,xy, which respectively stands for the Berry phase of
|PG(pi, 0)〉 and |PG(0, pi)〉 (or |PG(pi, pi)〉) gained in the
adiabatic Dehn twist process. Similarly, the two inde-
pendent Berry phases in Tˆx are ϕy,y and ϕx,xy. As men-
tioned before, the Dehn twist Tˆx can be transformed into
Tˆ−y by a global 90◦ rotation, therefore Tˆx and Tˆ−y have
the same Berry phase, which is contrary to the Berry
phase of Tˆy, so we have
ϕy,y = −ϕx,x, ϕx,xy = −ϕy,xy.
Figure 4 shows our Monte Carlo results of the scaling
of the Berry phases ϕ(L2). Then from Eqs. (7) and (8)
we obtain the modular matrix Tyeiαx,x 0 00 0 eiαy,xy
0 eiαy,xy 0
 , (10)
where αx,x = 0.2368pi and αy,xy = αxy,y = −0.1321pi
(the overlap between different topological sectors is omit-
ted). Given the equivalence between x- and y- axes, we
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FIG. 4. (Color online) Scaling of the Berry phases (a) ϕy,xy
and (b) ϕx,x for the Dehn twist Tˆy versus the system size. The
system has Lx and Ly unit cells along the two directions and
they are chosen to be equal for this calculation. The subscript
x, y and xy in ϕ denotes the three degenerate ground states
|PG(pi, 0)〉, |PG(0, pi)〉 and |PG(pi, pi)〉, respectively.
conclude that Tx is 0 eiαx,xy 0eiαx,xy 0 0
0 0 eiαy,y
 , (11)
where αx,xy = −αy,xy and αy,y = −αx,x (they have been
verified numerically). The modular S matrix can be com-
puted via S = TyT
−1
x Ty.
Using a unitary transformation, the matrices Ty and S
can be transformed into the standard form
T = Ty = e
iαy,xy
1 0 00 ei(αx,x−αy,xy) 0
0 0 −1
 (12)
and
S =
eiδ
2
 1 √2 1√2 0 −√2
1 −√2 1
 (13)
where eiδ = ei(2αy,xy+αx,x) = e−0.0274pii. The the prefac-
tor eiαy,xy in Ty is chosen such that the statistics for the
trivial and fermionic anyons are exact. The phase factor
eiδ in S can be attributed to numerical errors. The quan-
tum dimensions 1,
√
2, 1 in the S matrix are consistent
with the theoretical values of I, σ and ψ.
The chiral central charge can be obtained from Ty =
e−
2pii
24 c−diag(θ1, θσ, θψ) or from
1
D
∑
i d
2
i θi = e
2pii
8 c−
(where D =
√∑
i d
2
i = 2). The first relation gives
c− = − 12pi αy,xy = 1.59 while the second relation yields
c− = 4pi (αx,x−αy,xy) = 1.48. The inconsistency between
7these two values can also be attributed to numerical er-
rors. The averaged central charge is c− = 1.53± 0.06.
Above modular matrices as well as the chiral central
charge are in excellent agreement with SO(3)1 conformal
field theory predictions given in Eqs. (5) and (6), which
verifies that the Gutzwiller-projected weak pairing state
is indeed a NACSL of SO(3)1 type.
E. Fractional spin of the non-Abelian anyon
Although the spin Hall conductance is not fractional-
ized, the non-Abelian anyons do carry fractional symme-
try charge. To see this, we create vortices on top of the
px + ipy mean-field state and perform Gutzwiller projec-
tions. As shown in Fig. 5(a), the red dashed line is a
string linking two vortices (represented by the crosses).
If a bond is crossed by the dashed line, its color changes
to red, meaning that the signs of the spinon hopping
and pairing are reversed. It is known that a vortex
(which is essentially a pi-flux for a single fermion) in the
px + ipy topological superconductor traps a Majorana
zero mode35. There are three types of fermions cx, cy, cz
in our mean-field Hamiltonian, so a vortex will trap three
Majorana zero modes γx, γy, γz ({γm, γn} = 2δmn) in
the weak pairing phase.
The three Majorana operators form an SO(3) vector.
For a global spin rotation eiSˆzθ, the zero modes transform
as
e−iSzθ
γxγy
γz
 eiSzθ =
 cos θ sin θ 0− sin θ cos θ 0
0 0 1
γxγy
γz
 ,(14)
where Sz is the operator acting on the degenerate Hilbert
space spanned by the Majorana zero modes. It can be
checked that the operator
Sz = − i
2
γxγy
satisfies Eq. (14) and one can similarly define Sx =
− i2γyγz and Sy = − i2γzγx. This yields
S2x + S2y + S2z =
3
4
=
1
2
× (1
2
+ 1),
so the spin quantum number of the Hilbert space spanned
by the three Majorana zero modes is 1/2.
The two spin-1/2 zero modes in a pair of vortices can
form a singlet or a triplet, which are degenerate in en-
ergy if the distance between them is infinite. However, if
the distance between the vortices is not too much larger
than the correlation length (for instance, in our numer-
ical simulation the largest distance between the vortices
is 10 unit cells), then the energy of the ‘zero modes’ are
exponentially small but not exactly zero. Therefore, the
spin-1/2 objects trapped in the vortex cores are weakly
coupled, resulting in a exponentially small splitting be-
tween the singlet and triplet states (the singlet is slightly
lower in energy).
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FIG. 5. (Color online) (a) Two pi-flux vortices are connected
with a string. All the mean-field couplings across the string
reverse their signs; (b) correlation functions of the ‘cluster
spin’ Sz3 (i) =
∑
j∈∆(i) S
z
j , i.e., the total spin of the three
vertices of a triangle. The red (blue) line is the case where a
vortex is present (absent) at the center of each cluster.
Since the spin quantum number is not affeced by the
Gutzwiller projection, it is expected that the non-Abelian
anyon corresponding to the vortex carries spin-1/2 angu-
lar momentum. To verify this, we define a cluster-spin
operator Sz3 for the total spin of the three sites on the
triangle ∆(i) where the vortex resides
Sz3 (i) =
∑
j∈∆(i)
Szj ,
and numerically compute the correlation of two such op-
erators.
Figure 5(b) shows our results that are computed in the
singlet channel on a cylinder with Lx = 20 and Ly = 4.
If each triangle contains a vortex, then the correlation of
the corresponding cluster spin operators converges to a
value which is close to −1/446, whereas it converges to
0 if there are no vortices in the triangles. This confirms
that the non-Abelian anyon carries spin 1/222, in analogy
to the edge states of S = 1 Haldane chain33,47.
It is important to note that each vortex not only car-
ries a local spin-1/2 degrees of freedom, but also a non-
local Hilbert space similar to an Ising anyon. In general,
braiding of two pi-flux vortices results in a non-local op-
eration (which generates entanglement) together with a
local spin rotation for the spin-1/2 degrees of freedom.
Strictly speaking, the NACSL phase is an SO(3)
symmetry-enriched topological order48, where the σ
anyon has two components (spin-up and spin-down) and
carries a nontrivial projective representation of SO(3). If
a weak magnetic field is applied to break the SO(3) sym-
metry to U(1) symmetry, which has no nontrivial projec-
tive representation, then the local spin-1/2 degeneracy is
lift and the σ anyon has only one component.
IV. POSSIBLE LOCAL HAMILTONIAN AND
TOPOLOGICAL PHASE TRANSITION
The non-Abelian Moore-Read Pfaffian state was orig-
inally constructed for quantum Hall systems, but it has
also been studied in spin-1 systems. In particular, par-
ent Hamiltonian for which the Pfaffian state is the exact
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FIG. 6. (Color online) Tentative phase diagram of the Hamil-
tonian (15). We choose J1 = 1 and only consider the region
where Jχ is not too small and K is not too large.
ground state have been proposed49,50. It contains three-
body interactions and long-range interactions. The in-
teresting possibility is that the ground state of a prop-
erly truncated Hamiltonian with only short-range inter-
actions falls in the same phase22,50. It is natural to ask
whether there exists a local Hamiltonian which realizes
the topological order we studied above.
Noticing a natural mean-field decoupling that yields
the px + ipy-pairing (see Eq. (A3) in Appendix A), we
consider the model with Hamiltonian
H =
∑
〈ij〉
[J1Si · Sj −K(Si · Sj)2] + Jχ
∑
M,O
(Si × Sj) · Sk,
(15)
where J1, K > 0, and i, j, k goes counterclockwisely on
each equilateral triangle (three-body interactions may
also exist on skew triangles but are neglected here for
simplicity). The Jχ term preserves SO(3) spin rotation
symmetry but explicitly breaks time-reversal symmetry,
which may help to stabilize the NACSL (see Appendix
A).
Using the RVB wave functions constructed in Sec. II
as trial ground states and by minimizing the variational
energy with respect to the Hamiltonian in Eq. (15), we
obtain a tentative phase diagram which contains two spin
liquid phases, see Fig. 6. Part of the numerical results are
shown in Tab.I in Appendix B. In obtaining the phase di-
agram, an Abelian chiral spin liquid state51–57 (projected
Chern band insulator) has also been considered as a trial
ground state, but is excluded since its variational energy
is generally higher than the NACSL. While the competi-
tion between different spin liquid phases is revealed, we
cannot rule out the possible existence of symmetry break-
ing phases58,59, such as the spin-nematic phase which
may appear when K is sufficiently large. Here we ignore
the possible symmetry breaking phases and leave a com-
plete phase diagram for future work. Noticing that the
two spin liquid phases in Fig. 6 have the same symmetry
but different topological orders, the direct phase transi-
tion between these two spin liquids, if indeed takes place,
should be a topological one and deserves further study.
Although it requires extensive numerical calculations
to fully determine the phase diagram of Eq. (15), we
have made a first step in this direction by performing
S=0
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FIG. 7. Energy spectra on the kagome lattice with Lx = 3
and Ly = 2. (a) J = 1, K = 0.2, Jχ = 0.3; (b) J = 1,
K = 0.25, Jχ = 0.4; (c) J = 1, K = 0.3, Jχ = 0.5. All the
states are spin singlet.
exact diagonalization on the kagome lattice with Lx = 3
and Ly = 2. The energy spectra for three different sets
of parameters are given in Fig. 7. It can be argued that
there are three quasi-degenerate ground states in certain
cases, which is consistent with the theoretical prediction,
but the splitting between these states is still obvious. One
may hope to see more convincing signatures by studying
larger systems using other numerical methods such as
tensor network renormalization.
The NACSL has potential applications in topological
quantum computation. An important issue is how to
localize the non-Abelian anyons. Since the pi-flux vortices
trap non-Abelian σ anyons, the question becomes how to
stabilize the pi-flux vortices using local interactions. The
three-body interaction can be written as a ring-exchange
term (see Appendix A), so the pi-flux vortices can be
stabilized by defect triangles with Jχ < 0. There may
also be three-body terms on skew triangles so anyons can
also be localized by defect interactions at such places. As
non-Abelian anyons must appear in pairs, we should also
create defect three-body interactions in pairs to avoid
unexpected degeneracy when trapping the anyons [see
Fig. 5(a)].
V. SUMMARY AND OUTLOOK
To summarize, we have studied S = 1 RVB wave
functions on the kagome lattice by Gutzwiller projecting
px + ipy superconductors. By computing various topo-
logical quantities, it is demonstrated that a Gutzwiller-
projected weak pairing superconductor is a non-Abelian
SO(3)1 chiral spin liquid, while the Gutzwiller-projected
strong pairing superconductor is an Abelian Z2 spin liq-
uid. A topological quantum phase transition between
two different topological orders is observed when continu-
ously tuning the variational parameters in the Gutzwiller
wave functions. We proposed a microscopic model Hamil-
tonian and provided a preliminary phase diagram by
simple VMC calculations. We further performed small-
size exact diagonalization of several Hamiltonians in
9the NACSL phase and nearly-degenerate singlet-ground-
states are in support of the VMC phase diagram. We
finally proposed that the non-Abelian anyons may be
trapped locally using defect three-body interactions.
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Appendix A: Decoupling the spin-spin interactions
This section is devoted to explain why the mean-field
parameters χ,∆ can be used as variational parameters.
It is known that the two-body spin interactions can be
written using fermionic operators as33,34:
Si · Sj = −(χˆ†ijχˆij + ∆ˆ†ij∆ˆij),
(Si · Sj)2 = ∆ˆ†ij∆ˆij , (A1)
with χˆij = C
†
iCj and ∆ˆij = C¯
†
iCj . The mean-field de-
coupling of the J1 and K terms naturally give rise to the
mean-field parameters χ ∼ 〈χˆij〉 and ∆ ∼ 〈∆ˆij〉.
We next turn to the three-body interaction (Si × Sj) ·
Sk. In the cx, cy, cz basis, the hopping and pairing oper-
ators are
χˆij = c
†
αicαj , ∆ˆij = −cαicαj ,
and the spin operators are
Sα = −iεαβγc†βcγ ,
where α, β, γ = x, y, z and repeated indices are summed
(the same convention is used below). The three-body
interaction can be written as
(Si × Sj) · Sk = εαβγSαi Sβj Sγk
= iεαβγεαµνεβρηεγλσc†µicνic
†
ρjcηjc
†
λkcσk.
(A2)
and further simplified to
(Si × Sj) · Sk = i
[(
χˆij∆ˆ
†
jk∆ˆki + ∆ˆijχˆjk∆ˆ
†
ki
+∆ˆ†ij∆ˆjkχˆki − χˆijχˆjkχˆki
)
− h.c.
]
(A3)
using the relations
εαβγεαµν = δβµδγν − δβνδγµ
and
εβρηεγλσ = δβγ(δρλδησ − δρσδηλ)
−δβλ(δργδησ − δρσδηγ)
+δβσ(δργδηλ − δρλδηγ)
This means that the Jχ term can be decoupled using the
two parameters χ and ∆.
One can see from Eq. (A3) that, if there is a vortex
in the triangle (ijk), the values of 〈χˆij〉 and 〈∆ˆij〉 on
one of the three bonds (i.e., ij, jk and ki) reverse its
sign. As a result, the value of 〈Jχ(Si × Sj) · Sk〉 on the
triangle also reverses its sign, so the state has a higher
energy compared to the ground state. If we reverse the
sign of Jχ on the triangles which contain pi-flux vortices,
〈−Jχ(Si × Sj) · Sk〉 will have a low energy and the state
with anyons localized in the vortices becomes the ground
state of the new Hamiltonian.
Appendix B: Gutzwiller Projection of BCS states
The ground state of the mean-field Hamiltonian (2) is
a BCS wave function
|BCS〉 =
∏
i>j
[
1 + aij(c
†
1ic
†
−1j − c†0ic†0j + c†−1ic†1j)
]
|vac〉,
where aij = −aji is the paring amplitude of two spinons
in a “Cooper pair” which decays exponentially with their
relative distance in the strong pairing case and decays in
power law aij ∝ |ri − rj |−1 in the weak paring case.
A practical way of constructing a spin liquid wave func-
tion from above mean-field state is to enforce the particle
number constraint through Gutzwiller projection
|RVB〉 = PG|BCS〉
=
∑
α
det[A(1,−1)]Pf[B(0,0)]|α〉, (B1)
where |α〉 is an Ising configuration, PG is the Gutzwiller
projection operator that enforces the particle number
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constraint. The matrices A(1,−1) and B(0,0) are
A(1,−1) =
am1n1 am1n2 ...am2n1 am2n2 ...
...
...
. . .
 ,
B(0,0) =
 0 −ap1p2 ...−ap2p1 0 ...
...
...
. . .
 ,
where mi, ni, pi are the positions of c1, c−1, c0 fermions
in the configuration |α〉, respectively. The particle num-
ber of c1 is equal to that of c−1 to ensure that the ground
state has total spin Sz = 0.
In the verctor bases cx, cy, cz introduced in Eq. (3), the
mean-field ground state becomes
|BCS〉 =
∏
i>j
[
1− aij(c†xic†xj + c†yic†yj + c†zic†zj)
]
|vac〉
=
∏
r>s
(1− arsc†xrc†xs)
∏
u>v
(1− auvc†yuc†yv)
×
∏
p>q
(1− apqc†zpc†zq)|vac〉
which is essentially three copies of px + ipy superconduc-
tors. The projected state can be written as
|RVB〉 = PG|BCS〉
=
∑
α′
Pf[C(x,x)]Pf[D(y,y)]Pf[B(z,z)]|α′〉
where α′ is the spin configuration created by c†x, c
†
y, c
†
z.
The matrices B, C, D are defined as
B(z,z) = B(0,0)
and
C(x,x) =
 0 −am1m2 ...−am2m1 0 ...
...
...
. . .
 ,
D(y,y) =
 0 −an1n2 ...−an2n1 0 ...
...
...
. . .
 ,
where mi, ni, pi are the positions of the cx, cy, cz
fermions in the configuration |α′〉, respectively. The sum
of the particle numbers of cx, cy, cz fermions is equal to
the number of lattice sites.
Using the RVB states with two variational parameters
∆, λ (the parameter χ is normalized as χ = 1) as trial
wave functions and by minimizing the expectation energy
of the Hamiltonian in eq. (15), we can obtain the opti-
mized variational parameters with different interaction
strengths. From these information we obtain a prelim-
inary phase diagram (see Fig.6). Part of the numerical
results are listed in table I. It should be mentioned that
K Jχ Energy ∆ λ
0 0 -1.1880 0.8467 0.4155
0 0.2 -1.2829 0.9319 0.3271
0.2 0.2 -1.9575 1.5102 -0.0712
0.8 0.2 -4.4343 50.0000 4.9456
0 0.3 -1.3311 0.9530 0.2349
0.2 0.3 -2.0038 1.3998 -0.0462
1 0.3 -5.2961 69.8872 4.4248
0 0.5 -1.4283 0.9863 0.2659
0.3 0.5 -2.4515 1.5622 -0.0330
1 0.5 -5.2987 22.7579 1.7416
1.5 0.5 -7.4513 90.2659 4.1193
TABLE I. Variational ground state energies and variational
parameters of the model (15) with different interaction pa-
rameters, where the Heisenberg interaction strength J is nor-
malized J = 1. The parameter χ is also normalized χ = 1
and there are only two independent variational parameters
∆, λ remaining. The parameter λ < 4 means a non-Abelian
Chiral spin liquid state, while λ > 4 stands for a Z2 spin
liquid state.
the values of the optimized ‘ground state’ energies in ta-
ble I are only of significance within the variational ap-
proach when different trial states are compared. These
energies might be away from the true ground state ener-
gies since the Gutzwiller projected wave functions only
contain two variational parameters and this variational
approach is based on mean-field approximations where
the fluctuations of mean-field parameters are ignored.
Appendix C: Effective Chern-Simons field theory
Due to interactions between the fermions, the mean-
field parameters χ, ∆, λ are subject to fluctuations. The
amplitude fluctuations are gapped at low energy, so we
only need to consider the phase fluctuations, which be-
have like gauge fields coupling to the fermionic spinons.
The pairing of fermions Higgses the U(1) gauge fluctua-
tions and only Z2 gauge symmetry remains. This gives
the following Hamiltonian with Z2 gauge fluctuations
Hmf(σij , δλi) =
∑
〈ij〉
σij [χC
†
iCj + ∆e
θijC†i C¯j + h.c.]
+
∑
i
(λ+ δλi)(C
†
iCi − 1), (C1)
where σij are spatial components of the Z2 gauge fields
and the temporal fluctuations δλi is continuous.
If the superconductors have vanishing Chern numbers,
i.e. in the strong pairing case, then the spinon fields can
be integrated out straightforwardly, giving rise to a Z2
gauge theory as the low-energy effective field theory of
the system.
On the other hand, if the superconductors have non-
trivial Chern numbers, i.e. in the weak pairing case, a
Chern-Simons term is expected after integrating out the
spinon fields. Before going to the intrinsic field theoreti-
cal description, we firstly investigate the response theory
11
of the system. Owing to the nontrivial Chern numbers,
the system would exhibit a nontrivial Hall effect when it
is probed by symmetry twisting fields.
As seen from the mean-field theory, the spinons will
couple to not only the gauge fluctuations but also the
symmetry twisting fields (behaving like SO(3) gauge
fields)
Hmf(σij , Aij) =
∑
{i,j}
σij [χijC
†
i e
iAijCj + ∆ijC
†
i e
iAij C¯j
+h.c.] +
∑
i
(λi + δλ)(C
†
iCi − 1), (C2)
where Aij = A
x
ijS
x+AyijS
y+AzijS
z is the external SO(3)
probing field related to spin rotation symmetry. After
integrating out the internal gauge fluctuations and the
fermions, we expect to get the following SO(3)1 Chern-
Simons field theory as the response theory (in the imag-
inary time formalism and in the continuum limit)
Lres = i k
4pi
1
2
Tr[εµνλ(Aµ∂νAλ)− 1
3
A3] + LMaxwell + ...,
(C3)
where k = 1 is equal to the Chern number of each species
of fermions cx, cy, cz. If the probing field only has a z-
component such that Aµ = A
z
µS
z, the spin Hall current is
Jzµ =
δLres
δAzµ
= 12piF
z
µ , where F
z
µ = iε
µνλ(∂νA
z
λ) is the prob-
ing field strength. This gives a spin Hall conductance 1 in
units of 12pi . For comparison, we point out that the spin
Hall conductances of bosonic U(1) symmetry-protected
topological phases and S = 1 Abelian chiral spin liquids
are even integers in units of 12pi
51,60–62.
Although above field theory is a response theory, it can
be argued that the intrinsic field theoretical description
of the system (in the weak pairing case) is still an SO(3)1
Chern-Simons theory. The reason is the following. The
action (C3) is not gauge invariant if it is defined on an
open manifold with a boundary. The gauge anomaly can
be canceled by anomalous matter fields, namely three
species of chiral Majorana fermions (see, for example,
Ref. 62) moving along the boundary, which carries chiral
central charge c− = 32 and can be described by a con-
formal field theory — the SO(3)1 chiral Wess-Zumino-
Witten theory. The intrinsic field theory, if exist, can
also describe this anomalous boundary modes. A natu-
ral answer is still the SO(3)1 Chern-Simons gauge the-
ory, by replacing the SO(3) symmetry-twisting fields Aµ
in (C3) with the intrinsic SO(3) gauge fields aµ (where
the strength of aµ describes the spin current)
Leff = i 1
4pi
1
2
Tr[εµνλ(aµ∂νaλ)− 1
3
a3] + LMaxwell + ...,
(C4)
This bulk Chern-Simons Lagrangian together with the
boundary chiral Majorana modes are SO(3) gauge in-
variant and provide a complete intrinsic field theoretical
description of the whole system.
The above SO(3)1 Chern-Simons field theory contains
Ising-like non-Abelian anyons as its intrinsic elementary
excitations, which indicates that in the weak pairing case
the spin system belongs to a non-Abelian chiral spin liq-
uid phase.
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